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Abstract 

This article provides a geometric bridge between two entirely different character 
formulas for reductive Lie groups and answers the question posed by W. Schmid in 
(1997, Deformation Theory and Symplectic Geometry, 20, 259-270). 

A corresponding problem in the compact group setting was solved by N. Berline, 
E. Getzler and M. Vergne in (1992, Heat Kernels and Dirac Operators) by an ap- 
plication of the theory of equivariant forms and particularly the fixed point integral 
localization formula. This article (besides its representation-theoretical significance) 
provides a whole family of examples where it is possible to localize integrals to fixed 
points with respect to an action of a noncompact group. Moreover, a localization 
argument given here is not specific to the particular setting considered in this article 
and can be extended to a more general situation. 

There is a broadly accessible article (M. Libine, 2002, math.RT/0208024) which 
explains how the argument works in the SL(2, R) case, where the key ideas are not 
obstructed by technical details and where it becomes clear how it extends to the 
general case. 
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2 Introduction 

For motivation, let us start with the case of a compact group. Thus we consider 
a connected compact group K and a maximal torus T C K. Let 6r and 
denote the Lie algebras of K and T respectively, and t, t be their complexified 
Lie algebras. Let tt be a finite-dimensional representation of K. We define 
a character on K by Q n (x) =d c f tr(7r(x)), x G K. Any finite-dimensional 
representation is completely determined (up to isomorphism) by its character. 
We use the exponential map exp : — > K to define the character on the Lie 
algebra of the representation n: 

6 n = (detexpj 1,/2 exp* 0^. 

It is a smooth bounded function on £r. Because K is connected and compact, 
the exponential map is surjective and generically non-singular. Thus 9 n still 
determines the representation. 

Now let us assume that the representation ir is irreducible. Then there are two 
entirely different character formulas for 9 n - the Weyl character formula and 
Kirillov 's character formula. Recall that the irreducible representations of K 
can be enumerated by their highest weights which are elements of the weight 
lattice A in itjjj intersected with a chosen Weyl chamber. Let A = \(ir) G itjjj 
denote the highest weight corresponding to it. Let W = N K (t R )/T, where 
Nk (is) is the normalizer of Ir in K. The set W is a finite group called the 
Weyl group; it acts on Ir and hence on itjjj. We can choose a positive definite 
inner product (•, •) on itjjj invariant under W . Then the Weyl character formula 
can be stated as follows: 

e w(X+p)(t) 

07rk(O = TTTV' 

wGW Ll-a£>5>,{w(\+p),a)>0 a \ l ) 
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where $ C itjjj is the root system of £r, and p G it K is a certain small vector 
independent of ir. Because 8 n is Ac^i^-invariant and every Ad(K)-orbit in £r 
meets t^, this formula completely determines #„.. 

Kirillov's character formula provides a totally different expression for the ir- 
reducible characters on 6 K . The splitting 6 K = t R © [Ir, 6r] induces a dual 
splitting of the vector space which allows us to think of A and p as lying 
in it M . The adjoint action of K on 6r has a dual action on called coadjoint 
representation. We define 



It will be convenient to define the Fourier transform ip of a test function 
(p G C£°(6r) without the customary factor of i — >/— T in the exponent, as a 
function on 



Then Kirillov's character formula describes 6 W as a distribution on t R : 



where d/3 is the measure induced by the canonical symplectic structure of 
Q\ +p . In other words, 



Kirillov calls this the "universal formula" for irreducible characters. 

The geometric relationship between these two formulas is even more striking. 
As a homogeneous space, il\+ p is isomorphic to the flag variety X, i.e the 
variety of Borel subalgebras b C f = !r ®r C. The Borel-Weil-Bott theorem 
can be regarded as an explicit construction of a holomorphic i^-equivariant line 
bundle C\ — > X such that the resulting representation of K in the cohomology 
groups is: 



Then the Weyl character formula is a consequence of the Atiyah-Bott fixed 
point formula. On the other hand, N. Berline, E. Getzler and M. Vergne proved 
in [BGV] Kirillov's character formula using the integral localization formula 
for i^-equivariant forms. They showed that the right hand side of Kirillov's 
character formula equals the right hand side of the Weyl character formula. 
Recall that integral of an equivariant form is a function on 6r, and the localiza- 
tion formula reduces integration of an equivariantly closed form to summation 



£l\ +p = If -orbit of A + p in zljjj 





6 n = integration over £l\ +p . 



HV(X,O(£ x ))=0 ifp^O, 
H (X,O(C x ))^n. 
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over the zeroes of the vector field in X generated by k G £r. It is crucial for 
the localization formula to hold that the group K is compact. 

Now let Gf be a connected, linear, reductive Lie group. We let 0r denote its 
Lie algebra. Then most representations of interest have infinite dimension. We 
always consider representations on complete, locally convex Hausdorff topo- 
logical vector spaces and require that the action of Gr is continuous. Let K be 
a maximal compact subgroup of Gr. A reasonable category of representations 
consists of admissible representations of finite length. (A representation 7r has 
finite length if every increasing chain of closed, invariant subspaces breaks 
off after finitely many steps; n is admissible if its restriction to K contains 
any irreducible representation of K at most finitely often.) Admissibility is 
automatic for irreducible unitary representations. Although trace of a linear 
operator in an infinite-dimensional space cannot be defined in general, it is 
still possible to define a character 9 n as an Ad(GR)-invariant distribution on 
0r. (See [A] for details.) 

M. Kashiwara and W. Schmid in their paper [KSch] generalize the Borel-Weil- 
Bott construction. Instead of line bundles on the flag variety X they consider 
(jK-equivariant sheaves T and, for each integer peZ, they define representa- 
tions of Gr in Ext p (jF, O). Such representations turn out to be admissible of 
finite length. Then W. Schmid and K. Vilonen prove in [SchV2] two character 
formulas for these representations - the fixed point character formula and the 
integral character formula. In the case when Gr is compact, the former reduces 
to the Weyl character formula and the latter - to Kirillov's character formula. 
The fixed point formula was conjectured by M. Kashiwara in [K], and its proof 
uses a generalization of the Lefschetz fixed point formula to sheaf cohomology 
due to M. Goresky and R. MacPherson in [GM]. On the other hand, W. Ross- 
mann in [R] established existence of an integral character formula over an 
unspecified Borel-Moore cycle. W. Schmid and K. Vilonen prove the integral 
character formula where integration takes place over the characteristic cycle 
of J 7 , Ch{T), and their proof depends totally on representation theory. 

The equivalence of these two formulas can be stated in terms of the sheaves T 
alone, without any reference to their representation-theoretic significance. In 
the announcement [Sch] W. Schmid posed a question: "Can this equivalence be 
seen directly without a detour to representation theory, just as in the compact 
case." 

In this article I provide such a geometric link. I introduce a localization tech- 
nique which allows to localize integrals to the zeroes of vector fields on X gen- 
erated by the infinitesimal action of {Jr. Thus, in addition to a representation- 
theoretical result, we obtain a whole family of examples where it is possible 
to localize integrals to fixed points with respect to an action of a noncompact 
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group. Moreover, the localization argument given here is not specific to this 
particular setting and can be extended to a more general situation. 

There is a broadly accessible article [L] which explains how the argument 
works in the SL(2, R) case, where the key ideas are not obstructed by technical 
details and where it becomes clear how it extends to the general case. 

3 Setup 

In these notes we try to keep the same notations as W. Schmid and K. Vilonen 
use in [SchV2] as much as possible. That is they fix a connected, complex 
algebraic, reductive group G which is defined over R. The representations 
they consider are representations of a real form of G - in other words, G^ 
is a subgroup of G lying between the group of real points G(M) and the identity 
component G(R)°. They regard as a reductive Lie group and denote by $j 
and K the Lie algebras of G and Gr respectively, they also denote by X the 
flag variety of G. 

If g G g is an element of the Lie algebra, we denote by VF g the vector field on 
X generated by g: if x G X and / G C°°(X), then 

VF g (x)f = ^-f(exp(eg)-x)\ £=0 . 

We call a point x G X a fixed point of g if the vector field VF 9 on X vanishes 
at x, i.e. VF g (x) = 0. 

In this paragraph we explain the general picture, but since objects mentioned 
here will not play any role in what follows they will not be defined, rather 
the reader is referred to [SchV2]. W. Schmid and K. Vilonen denote by [) 
the universal Cartan algebra. They pick an element A G \)* and introduce 
the "GjR-equivariant derived category on X with twist (A — p)" denoted by 
D Gr (X) a . They also introduce Ox (A), the twisted sheaf of holomorphic func- 
tions on X, with twist (A — p). Then, for T G Dc m {X)_x, they define a virtual 
representation of Gr 

£(-l) p Ext*W,CMA)), (1) 

p 

where DjF g D Gr (X) a denotes the Verdier dual of T . It was shown in [KSch] 
that each Ext p (D^ r , O x (^)) is admissible of finite length. In particular, this 
representation has a g^-character 0. We think of a character as an Ad{G^)- 
invariant linear functional defined on the space of smooth compactly supported 
differential forms (p on g R of top degree, and write / 6ip for the value of 6 at 
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Then Proposition 3.1 and Theorem 3.3 of [A] say that the character is given 
by integration against a function F e G Lj oc (Q K ): 



[ 9<p= [ Fgif. 



This function Fg is invariant under the adjoint action of Gr on jjr , and the 
restriction of F 9 to the set of regular semisimple elements of can be repre- 
sented by an analytic function. 

There are two formulas expressing the character 9 of the virtual representation 
(1) as a distribution on jj r . We will start with the right hand side of the integral 
character formula 

J Su (2iri) n n\ Jch(T) 

and show that it is equivalent to the right hand side of the fixed point character 
formula 

h<p= Fetp, F s (g) = £ m 7 ( f n , 
Jm Jm k=1 a Xk (g),i{g) . . . a Xk{g) , n (g) 

where xi, . . . ,Xk are the fixed points of g and integers m Xk ^s are the local 
invariants of T . This way we will obtain a new proof of the integral character 
formula. 



Because both character formulas depend on T G Dg r (X)_a only through its 
characteristic cycle Ch{T\ we can simply replace T with a G^-equivariant 
sheaf on the flag variety X with the same characteristic cycle. We will use the 
same notation T to denote this Gu-equivariant sheaf on X. Let n = dime X, 
let 7i : T*X -» X be the projection map, and equip 0r with some orientation. 
We will make an elementary calculation of the integral 

where f is a smooth compactly supported differential form on jjr of top degree, 

ip(0 = I (g G flR , C G 0*) 

J On. 

is its Fourier transform (without the customary factor of i — ^/—T in the 
exponent), fi\ : T*X — > q* is the twisted moment map defined in [SchVl] and 
T\, a are 2-forms on X and T*X respectively defined in [SchV2]. The form 
a is the complex algebraic symplectic form on T*X. On the other hand, the 
precise definition of the form r A will not be important. What will be important, 
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however, is that, for each g G Q, the 2n-form on T*X 

e {9 ^ i0) (-a + n*T X ) n (3) 

is closed. By Lemma 3.16 in [SchV2], the integral (2) converges absolutely. 
This is true essentially because the Fourier transform tp is holomorphic on 
0* and decays rapidly in the imaginary directions. Because the form (3) is 
not -invariant, at this point it is not even clear that the distribution 

defined by (2) is A<i(G R )-invariant. 

Remark 1 One can give a direct proof that the distribution 

9:<p^ 9(<p) = —\- [ + n*r x ) n 

(2m) n n\ Jch(T) 

is Ad(G^) -invariant and that 9 is an eigendistribution of every biinvariant 
differential operator on G|. Then Theorem 3.3 from [A] will imply that there 
exists a function F G L1 oc (qm) such that 

9(<p) = / Ftp, 

this function F is invariant under the adjoint action of Gr on q^, and the re- 
striction of F to the set of regular semisimple elements o/flK can be represented 
by an analytic function. 

However, this information would not make our computation of integral (2) 
any easier and it will follow automatically from the corresponding statement 
for the fixed point character formula. 



When A G h* is regular, the twisted moment map /i A is a real analytic diffeo- 
morphism of T*X onto A C g* - the orbit of A under the coadjoint action of 
Gon g*. Let a\ denote the canonical G- invariant complex algebraic symplectic 
form on Q\. Then e ly9,C: \a\) n is a holomorphic 2n-form of maximal possible 
degree, hence closed. Proposition 3.3 in [SchV2] says that fJ,\(cr\) = —o- + iy*t\. 
This shows that, for A regular, g G 0, 

is a closed 2n-form on T*X. Note that neither map fj,\ nor the form (3) is 
holomorphic. Because the form e^ ,MA ^^(— a + 7r*rA) n depends on A real ana- 
lytically and the set of regular elements is dense in ()*, we conclude that the 
form in the equation (3) is closed. 

If A G f)* is regular, then we can rewrite our integral (2) as 

(2^! L + n * TXr = Wf^- L).ck* ^ aXr - 
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This is a Rossmann type character formula. W. Rossmann in [R] established 
existence of an integral character formula over an unspecified Borel-Moore 
cycle in the coadjoint orbit Q\. This expression tells us that we can choose 
Rossmann's cycle to be (/i A )*C/i(jF). 



Fix a norm |.| on g*. Then the moment map fi induces a vector bundle norm 
on T*X: for ( G T*X its norm will be We will use the same notation 

||.| for this norm too. 

Let g' R denote the set of regular semisimple elements g G 0r which satisfy the 
following additional property: If % C g« and t C g are the unique Cartan 
subalgebras in g^ and g respectively containing g, a G t* is a (complex) root 
such that Re(a)\ tm ^ 0, then Re(a(g)) ^ 0. 

Since the complement of g' R in $jr has measure zero, we can replace integration 
over by integration over g^. Then 

= lim - — 1 —— [ e {9 ^ i0) <p(-a + n*T X ) n 

R-^oo {2iti) n n\ JgMx(Ch(F)n{\\a<R}) 

= lim . \ , / e (9 '^ (c) V(-^ + 7r*T- A ) n . (4) 

R^oc [2TXi) n n\ J^x(Ch(F)n{U\\<R}) 

(Of course, the orientation on g^ x (C/i(jF) n {||C|| < R}) is induced by the 
product orientation on g R x Ch(F).) 

We will interchange the order of integration: integrate over the characteristic 
cycle first and only then perform integration over g' R . The integrand is an 
equivariant form with respect to some compact real form C/r C G. But £/r 
does not preserve C/i(jF) (unless C/i(jF) is a multiple of the zero section of 
T*X equipped with some orientation). Each g G g^ has exactly \W\ fixed 
points on X, where \W\ is the order of the Weyl group. We regard the integral 
(4) as an integral of a closed differential form e^ ,/iA ^^</?(— a + ix*T\) n over a 
chain in g' R x (T*Xn{||C|| < R}). 

Because the closure of a GR-orbit on X may be extremely singular, same is 
true of Ch^). We will use the open embedding theorem of W. Schmid and 
K. Vilonen ([SchVl]) to construct a deformation of Ch(T) into a simple cycle 
of the following kind: 

m 1 T: i X + --- + m m T: iw X, 

where mi, ... , m\w\ are some integers, x\, . . . , x\w\ are the points in X fixed by 
g G g' R , and each cotangent space T* k X is given some orientation. This is very 
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similar to the classical Morse's lemma which says that if we have a smooth real 
valued function / on a manifold M, then the sub level sets {m G M; /(to) < a} 
and {to G M; /(to) < b} can be deformed one into the other as long as there 
are no critical values of / in an open interval containing a and b. To ensure that 
the integral (4) behaves well, we will stay during the process of deformation 
inside the set 

{(g,C)eg' R xT*X; Re({g , »(())) < 0}. 

After that we define another deformation Qt(g) : T*X — > T*X, where g G q' r , 
t G [0, 1]. It has the following meaning. In the classical proof of the Fourier 
inversion formula 

we multiply the integrand by a term like e~^^' 2 to make it integrable over 
0m x ^0r? an d then let t — > + . The deformation Q t (g) has a very similar effect 
- it makes our integrand an L 1 -object. Lemma 19 says that this substitute 
is permissible. Its proof is very technical, but the idea is quite simple. The 
difference between the original integral (4) and the deformed one is expressed 
by an integral of e^ 9 '^ x ^ip(—a + 7r*r A ) n over a certain cycle C(R) supported 
in g' R x (T*X fl {||C|| = R}) which depends on R by scaling along the fiber. 
Recall that the Fourier transform ip decays rapidly in the imaginary directions 
which is shown by an integration by parts. We modify this integration by parts 
argument to prove a similar statement about behavior of the integrand on the 
support of C(R) as R — > oo. Hence the difference of integrals in question tends 
to zero. 

The key ideas are the deformation of Ch(J-), the definition of 0t(<?) : T*X — > 
T*X and Lemma 19. Because of the right definition of Qt{g), Lemma 19 holds 
and our calculation of the integral (4) becomes very simple. We will see that, 
as R — > oo and t — > + , the integral will concentrate more and more inside 
T*U, where U is a neighborhood of the set of fixed points of g in X. In the 
limit, we obtain the right hand side of the fixed point character formula. This 
means that the integral (2) is localized at the fixed points of g. 

The following convention will be in force throughout these notes: whenever A 
is a subset of B, we will denote the inclusion map A B by ]a^b- 



4 Deformations of Characteristic Cycles 

Recall the notion of families of cycles introduced by W. Schmid and K. Vilonen 
in [SchVl]. 
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Let M be a complex manifold, Q a constructible sheaf on M and U a con- 
structive open subset of M. Then we denote by Qu the sheaf 

Uu^m)\ o (ju^ M )*(G). 

We can calculate the characteristic cycle of Qu using the open embedding 
theorem of W. Schmid and K. Vilonen ([SchVl]). So let / be a constructible 
function defining U. That is / is a constructible real- valued C 2 -function defined 
on an open neighborhood of the closure U C M such that / is strictly positive 
on U and the boundary dU is precisely the zero set of /. We regard df as a 
subset of T*M. Suppose a > is such that \Ch{Q)\ and df do not intersect 
over V = {u e U;0 < f(u) < a}, i.e. \Ch(Q)\ ndfnT*V = 0. Fore G [0, a) 
define U e = {u G U; f(u) > e}; in particular U = U. Now, for each e G (0, a), 
we can consider a cycle Ch(Qu e ) in T*M. Next proposition asserts that these 
cycles piece together to form a family of cycles in T*M and this family has 
limit Ch(Gu) as e -> 0+ 



Proposition 2 Suppose that \Ch(Q)\ H df C\ T*V = 0. Then there exists a 
family C(o, ) of (dim^M ) -dimensional cycles in T*M parameterized by (0, a) 
such that, for each e G (0, a), the specialization at e, C £ , is equal to Ch{Qu s )- 
Moreover, 

lim C £ = lim Ch(G Ue ) = Ch{g v ). 



PROOF. Let p : (0,a)xM^Ibe the projection. We have a function 
f(e, m) = f(m) — e defined on an open neighborhood of the closure (0, a) x U 
in (0, a) x M. It defines an open set 

U = {x G (0, a) x U; f(x) > 0} = {(e, u) G (0, a) x U; f(u) > e}. 

Let us consider a family of cycles C" in T*(0, a) x T*M parameterized by some 
open interval / = (0,6) calculating the cycle Ch{(p*Q) u ): 

c: = ch{{fg)\ v ) - s d -L, hm = ch((p*g) e ). 

f s ^ 0+ 

Lemma 3 The projection map p : I x T*(0, a) x T*M -» / x (0, a) x T*M is 
proper on the support \C"\. 

This is where the assumption that the intersection \Ch(Q)\C\df C\T*V is empty 
is used. We will assume this lemma for now and give an argument later. 

Because the projection map p : I x T*(0,a) x T*M -» I x (0, a) x T*M is 
proper on the support \C"\, p sends C" into a cycle C\ in J x (0, a) x T*M 
which is a family of cycles in (0, a) x T*M. Let C(o, a ) = hm s ^ + Cj. It is clear 
that C £ = Ch{Qu e ) which proves the first part of the proposition. 
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To prove that lim e ^ + C e = Ch{Qu) we need to show that if we regard C( , a ) 
as a chain in [0, a) x T*M, then <9C(o, a ) — —Ch{Qu). We can also view C\ as 
a family of cycles in I x T*M parameterized by (0, a). Let Cj = lim £ ^ + Cj- 
It is clear that Cj is nothing else but — (Ch(Q\u) — s ^)- (The negative sign 
appears because of orientation matters.) If we consider C\ as a chain in [0, b) x 
[0, a) x T*M, then its boundary <9C 7 is a cycle which can be written as a sum 
of two chains: dC\ = — C( 0jO ) — Cj. This is a cycle and there is no boundary, 
hence: 

lim C £ = -9C (0)O) =dC z = - lim Cj = lim (C/i(S|t/) - s^) = C/i(^). 



It remains to prove Lemma 3. 

Proof of Lemma 3. Fix a smooth inner product on T*M. It induces a metric 
which we denote by ||.||. To prove that the projection map p : I x T*(0,a) x 
T*M -» I x (0, a) x T*M is proper on the support \C"\ we need to show that 
the inverse image of a compact set K C / x (0, a) x T*M is compact. We can 
always enlarge which allows us to assume that 

K = [s , Sl ] x [e ,e 1 ] x {C; C G 0*,m G X, ||C|| < i?} 

for some < so < s i < b, < Eo < £\ < a, R > and some compact set 
K CM. 

There exists an angle a > such that whenever m G K fl supp Q C\U and 
eo < < ^j^, the open cone around df(m) in X^M, 

Cone a (df(m)) 

= {( G T^M \ {0}; the angle between £ and df(m) is less than a}, 
does not intersect |C/i(£?)|. We will assume that a < n/2. 
The preimage of K is 

{(rde,s,e,() eRdexK;(e T*U, (rde,e,Q e {|C7i((p*0)|fr)| 
= | (rcte, s, 5, C) G Rde x X; 

C G T*U, (rde,e,C) G {|CM(p^)b)l - }} 
= | (rde, s, e, C) G IRcfe x K; 

C G T* m M,f\m) > e,C G {|CM^|i/)| - S7 ^},r 



df,\ 
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When f(m) > ^^y^, r is bounded from above by Si^-. Suppose now that 
f{m) < Conditions C G X^M, C G {|C7i(0|t,)| - s^} and |C7i(0)| n 

Cone a (d/(ra)) = mean that £ = ( — for some ( G |C/i(^|[/)| and the 
angle between £ and s-^ is at least a. It follows that 



sin a 



s- (m) 

/ - e 



<IICII<#, 



which in turn implies 



\W\\, w i2 



/ — e sin a 

Let .D be the minimum of on 

K n supp(£) n{mG(J;£o< /(m) < ^-^}, 



-D > 0. Then r = -A- can be at most -ft? — . On the other hand, r > 0. Thus 

r lies between and max This proves that the preimage of K 

has bounded r-coordinate, hence compact. This finishes the proof of Lemma 
3 and the proposition. □ 

For each e G (0, a), we can consider a different cycle: 

ch((Rj Us ^ M )* o (j Us ^ M )*(g)) = ch(RT Ue g). 

There is a similar result about these cycles too which we will also use. Notice 
that in the intersection condition the section df is replaced with —df. 

Proposition 4 Suppose that \Ch(Q)\ n -df n T*V = 0. Then there ex- 
ists a family C( , a ) of (ciim K M )- dimensional cycles in T*M parameterized 
by (0, a) such that, for each e G (0, a), the specialization at e, C £ , is equal to 
Ch{RT Ue <3). Moreover, 

lim C £ = lim Ch{RV Ue Q) = Ch(RTug) = Ch((R 3u ^ M )* o ( 3u ^ M )*(g)). 

e— >0+ e^0+ v ' 



Proof of this proposition is completely analogous. 

Recall that, in general, if C(o, a ) is a family of cycles in some space Z, then 
lim e ^ + C £ = Cq means that if we regard C^o.a) as a chain in [0, a) x Z, then 
dC(o >a ) = —Cq. Thus it is natural to define lim^a- C £ by setting 

Mm C £ = dC (0 ,a), 
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where C(o, a ) is regarded as a chain in (0, a] x Z. 

The following observation is completely trivial, but will play a very important 
role. 

Remark 5 Let C(o, a ) be a family of cycles in T*M as in Proposition 2 or 4- 
Recall that a family of cycles C(o, a ) is a cycle in (0, a) x T*M. We can regard 
it as a chain in [0, a] x T*M. Let p : [0, a] x T*M -» T*M be the projection. 
Then p*(C( , a )) is a conic Borel-Moore (dim^M-l- l)-chain in T*M such that 

<9(p*(C( ,a))) = lim C £ - lim C £ . 

In particular, the cycles lim e ^ + C £ and lim e _ a - C £ are homologous. In the 
situation of Proposition 2, the support o/p*(C(o, a )) lies in the closure 

{\ChG\nT*U - sdf; s > o}. 
Similarly, in the situation of Proposition 4, the support o/p*(C( 0i a)) lies in 

{\Chg\f]T*U + sdf; s > o} 
(notice the difference in signs ofsdf). 

Remark 6 Let C(o, a ) be a family of cycles in T*M as in Proposition 2 (re- 
spectively Proposition 4)- Suppose that there is b > a such that the condition 
\Ch{Q)\ ndfnT*V = 0, (respectively \Ch{Q) \ fl —df n T*V = 0) is satisfied 
on a bigger open set V = {u G U; < f{u) < b}, then it is easy to show that 

lim C £ = C a . 

But in general, lim e ^ a - C £ need not equal C a . 

This construction is similar to the classical Morse's lemma. Recall that it says 
that if we have a smooth real valued function / on a manifold M, then the 
sublevel sets {m e M; f(m) < a} and {m e M; f(m) < b} can be deformed 
one into the other as long as there are no critical values of / in an open interval 
containing a and b. 



5 Deformation of Ch{T) in T*X 

Recall that we view JF not as an element of the "Gs-equivariant derived cate- 
gory on X with twist (—A — p)" denoted in [SchV2] by Dc k (X)_a, but simply 
as a GR-equivariant sheaf on the flag variety X with the same characteristic 
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cycle. In this section we start with an element go G 0r an d the characteristic 
cycle Ch(J-) of a G^-equivariant sheaf T on the flag variety X and use general 
results of the previous section to deform C/i(jF) into a cycle of the form 

m 1 T: i X + ... + m lwl T: ]w X : 

where mi, ... , m\w\ are some integers, xi, . . . , x\w\ are the points in X fixed 
by g , and each cotangent space T* k X is given some orientation. Moreover, to 
ensure good behavior of our integral (4), we will stay during the process of 
deformation inside the set 

{( G T*X; Re((g , < 0}. (5) 

The precise result is stated in Proposition 13. This deformation will help us 
calculate the integral (4). 



Remark 7 Suppose Q is a sheaf on a manifold M and Z is a locally closed 
subset of M. Let i : Z M be the inclusion. Then M. Kashiwara and P. 
Schapira introduce in [KaScha], Chapter II, a sheaf it o i*(Q) denoted by Qz- 
If Z' is closed in Z , then they prove existence of a distinguished triangle 

Qz\z' Qz — > Qz 1 - 

Hence 

ch{g z ) = ch{g zxz ,) + ch{g zl ). 

Pick an element go G 0^ and let t C g be the unique (complex) Cartan 
subalgebra containing g . Let $ C t* be the root system of Q with respect 
to t. Pick a positive root system C ^ such that Re(a(go)) < for all 
a G Let B go C G be the Borel subgroup whose Lie algebra contains t and 
the positive root spaces. The action of B go on X has \W\ orbits Oi, . . . , 0\w\- 
Each orbit Ok is a locally closed subset. Hence it follows from Remark 7 that, 
as an element of the i^-group of the category of bounded complexes of R- 
constructible sheaves on X, our sheaf T is equivalent to jF 0l + • • • + To\ wv 
and so 

The idea is to deform each summand Ch{To k ) separately. Let Xk G X be the 
only point in Ok fixed by go, it determines a Borel subalgebra C Q consisting 
of all elements of q fixing xj,. This Borel subalgebra bk in turn determines a 
positive root system (different from such that bk contains t and all the 
negative root spaces. Let be the nilpotent subalgebra of q containing all the 
positive root spaces with respect to bk, so that g = bk © as linear spaces. 
Define a subset C \f r - by 

= {« e n a c n k }, 
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where n a is the a-root space in g. We break ^| into two subsets: 

$< = {«G^;fie(«y<0} and *° k = {a e ; Re(a(g )) = 0} . 
Next we define three nilpotent subalgebras of n^: 

nit = n «> n ° = n <* and n£ = n a . 

Of course, n fc = n^r © n° k © as linear spaces. 

We define a map ip 90t k : tit ^ X, n ^ exp(n) • x^. Then V'so,* ^ s a diffeomor- 
phism of rife onto its image. Let Uk = ip go ,kiy^k) be this image. 

We decompose the nilpotent algebra rife into root spaces with respect to t: 
Wfc — 0™=i n a x r We will assume that the roots cx Xk ,ii ■ ■ ■ > a x fc ,ri are enumerated 
so that n° = 0™ i n a x ( • Each n axk ( is a one-dimensional complex vector space, 
so we can choose a linear coordinate zi : n aa , ; — >C. Define a norm ||.||fe on rife 



by IMU = V Fil H 1- tar- 
Recall that we denote by VF 9 the vector field on X generated by g G g: if 
x G X and / G C°°(X), then " 

VF,(x)/ = ^/(exp(^)- a ;)| £=0 . 

Then 

<ff,MC)> = (VF a ,C>. (6) 

Lemma 8 For each g & i, the vector field VF^ is expressed in the coordinate 
system ip go>k by 

a Xkjl (g) Zl ^- + ■■■ + a XkyTl (g)z n -^-. (7) 



PROOF. Let T C G be the connected Lie subgroup generated by t; T is 
a Cartan subgroup of G. First we observe that the map ip go ,k '■ tife — > X is 
T-equivariant. Indeed, if n G rife and t G T, then 

^flo,fc(* ' n ) = exp(>4cZ(t)(n)) • Xfc 

= (texp(n)t -1 ) • Xfc = (texp(n)) -x k = t- 



For n G n fc = 0f =1 n Q;cfci , say n = (n Qxfc ;1 , . . . , n aiefc>B ), we obtain using the 
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T-equivariance of ip 90:k that 

e £g ■ ^ go A n ) = i>9o,k(Ad(e £9 )(n axk l , . . . ,n Qsfci j) 

= ^o,fc(e^' l(e5) n« iBfc , 1 ,...,e^-^)n aiCfc>n ). 

That is, 

• Vw(^i, . . ■ , z n ) = 4> go , k (e £a ^ Zl , e ea *^z n ); 
and the lemma follows from the definition of VFg. □ 

Observe that the restriction ip go , k \ n <m k i s a diffeomorphism of n^5 © n° onto 
O k . Let N% = V'so,fc( n fc)) ^ is a closed subset of 

If c/o hes in a split Cartan t R C 0k, then n° = and N% = {x k }. On the 
other extreme, if the Cartan subalgebra t« C 0r containing g is compact, 
then n° = and N% = O k . 

Lemma 9 The G^-orbit of x k intersected with iV° (i.e. GR-x k nN®) contains 
an open neighborhood of x k in N®. 

PROOF. Recall that b k denotes the Borel subalgebra in q consisting of all el- 
ements of g fixing x k and that we have g = b k Q)n k as linear spaces. The tangent 
space of the flag variety X at x k can be naturally identified with g/b k ~ n k . 
It follows that to prove that G K ■ x k fl N® contains an open neighborhood of 
x k in iV° it is enough to show that 0r + b k D n° k . 

So pick a root a G ^ such that the root space n a C n°, i.e. Re(a(g )) = 0. 
By definition, g' R consists of regular semisimple elements g G 0r which satisfy 
the following additional property: If t« C 0r and tc g are the unique Cartan 
subalgebras in 0r and q respectively containing g, and (3 G t* is a (complex) 
root such that i?e(/3)|^ ^ 0, then Re{(5{g)) ^ 0. Hence Re(a(g )) = implies 
that Re(a)\^ = 0. 

The Lie subalgebras n a © n_ a © [n Q ,n_ a ] and 0r n (n Q © n_ a © [n Q ,n_ a ]) 
of g are isomorphic to sl(2, C) and s[(2,R) respectively. Then i?e(a)| tR = 
implies that Ir = fl (n_ a © [n Q ,n_ a ]) is a compact Cartan subalgebra of 
0r H (n a © n_ a © [n Q , n_ a ]) ~ st(2, R). It is a well-known property of sl(2, R) 
that if Ir is a compact Cartan of sl(2, R) and b C sl(2, C) is a complex Borel 
subalgebra containing Ir, then 

sI(2,R) + b=«I(2,C). 

In particular, 

(flR n (n a © n_ a © [n Q , n_ a ])) + (n_ a © [n Q , n_ a ]) D n a , 
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and 0R+bfc D n Q . Since this is true for all root spaces n a C n°, 0R+bfc D n°. □ 
This lemma implies that there exists an r > such that 

Vw(K e n°; ||n°|| fc < 2r}) C (G R • x fe n iV£). (8) 
Let -Bfe be the image under V'so.fc °f the °P en cylinder of radius r in nj5 © n°: 
5 fc = ^ , fc ({(n<,n°,n > ) e n£ ng n£ = n fc ; n> = 0, ||n°|| fc <r}). 

_B fc is an open subset of fc , and if n° = (i.e. the Cartan algebra t K C 
containing g is split), then S fe = O k . 

According to Remark 7 we have a distinguished triangle: 
and hence 

Recall that Ir C £Jr is the Cartan subalgebra containing g . Let Tr C Gr be 
the connected Lie subgroup generated by Ir. Notice that because we require 
Tr to be connected it may not be a Cartan subgroup of Gr. Recall that the 
sheaf JF is GR-equivariant. Hence Ch(J-) is TR-invariant, and so 

ite«»,MO» = ite«VF fl ,C»=0 

for all G Ir and all C G |C/i(^)|. 

Similarly, because each of the sets O k , Bk and \ Bk is TR-invariant, the 
sheaves J~o k , J~B k and Fo k \B k are TR-equivariant, their characteristic cycles 
are TR-invariant, and Re({g, fJ>(C))) — for all g e tR and all £ in |C/i(^-*o fc ) J , 
IC/i^bJI and |CM^oabJ|- 

Lemma 10 T/ie q/c/e Ch(J r o k \B k ) is homologous to the zero cycle inside the 
set {(ET*X; Re({g , »({)))< 0}. 



PROOF. If n° k = 0, then O k \ B k = and we are done. So let us suppose 
that n° k ^ 0. 

The sheaf J-o k \B k is the extraordinary direct image of a sheaf on C/ fc : 

F O k \B k = (ju k ^x)l ° (jo k \B k ^U k )\(F\o k \B k )- 



17 



Let / : Uk — > K be the function denned by /(exp(n) • Xfc) = e - H n Hfc. This 
function extends by zero to a smooth function on all of X. It follows from 
Lemma 8 that, for each x G Ok, Re({go, /i(df(x)))) = Re((VF go ,df(x))) > 0. 

By the open embedding theorem, 

Ch{T 0k \B k ) = Ch((j Uk ^x)\ o (jo k \B k ^u k )\(F\o k \B k j) 

= }™ + Ch((jo k \B k ^uMF\o k \B k )) - Sj. 

In particular, there exists a chain C in T*X such that 



8C = Ch(F 0k \B k ) ~ (ch(( JOk \B k ^uMF\o k \B k )) - y) 



and the support of this chain lies inside the set (5). Notice that 

Ch (Uo k \B k ^U k )\(F\o k \B k )) 

is a cycle in T*X whose support lies inside T*U. 



f 



Recall that the roots a Xk ,i, ■ ■ ■ , &x k ,n are enumerated so that n° = 0™! n ax 
i.e. the complex numbers a Xk ,i(go), ■ ■ ■ , <Xx k ,m(9o) are purely imaginary (and 
nonzero). So let us write 

®x k ,i(9o) = idix k ,i(go), u Xk , m (go) = ia Xk , m {g G ). 

If we write each z% as xi +iyi, then the formula (7) in Lemma 8 expressing the 
vector field VF So on X generated by go in the coordinate system ip 90t k becomes 

<,i(so)(-yi^- +^) + - + ^A9o)(-y m ^- + x m £-) 

d , d 

+ Pm+l( x m+l, Vm+l) o I" Pm+l( X m+l, 2/m+l) o \~ ■ ■ ■ 

CX m+ i oy rn+ i 

d d 

x n, yn) ' 



for some real coefficients 

Pm+l( x m+l, Vm+l), P m +1 ( X m+1 , Vm+l), ■ ■ ■ , Pn( x n, Vn), P n ( X n, Vn)- 

which depend linearly on respective (xi,yi) and also depend on g . Define a 
1-form rj on to be 

*7 = i- 1 \\ {yi dx i - x idyi) H 1- |- , ,, {y m dx m - x m dy m ). 
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We can regard r] as a form on U k via the diffeomorphism tp 90: k- Then 

Re((go,v(v(iJg A n< i n °' n> ))))) = -|«i(^o)l(^+yi 2 ) \®m{go)\{x 2 m +y 2 m ) 

which is at most 

-r 2 min{|o!i(sro)|, . . . , \a m (g )\} 

on O k \ B k . 

Finally, define a (2n + l)-chain in T*X 

C = -(ch(( JOk \B k ^uMF\o k \B k )) ^ [°'°°)- 

Then 

dC = Ch((j 0k \B^uM^\0 k \B k ))-^ 

and the support \C\ lies in the set (5). □ 

Our next task is to deform Ch(T Bk )- Let Q = T Bk = (jB k ^x)\ ° (jB k ^>x)*(F)- 

Let 7 : [0, oo) — > [1, oo) be a constructible C 2 -function such that 7([0,4r 2 ]) = 
{1} and 7(t) = t for t sufficiently large. We define a function / : U k — > R by 

/(^ , fe (n< + n° + n>)) = exp(-(7(||n°|| 2 ) - ||n<|| 2 - ||n>|| 2 ) (9) 

and extend it by zero to a smooth function on all of X. It follows from Lemma 8 
that, for each x in the closure B kl Re({g , fx(df(x)))) = i?e((VF 90 , df(x))) > 0. 
Moreover, if we define 

V = {ueU k ;0< f(u) < 1} = U k \ r\l), 

then Re((VF go ,dh)) is strictly positive on V fl B k . Since supp(^) C B k , the 
condition |C7i((/)| fl df fl T*V = of Proposition 2 with a = 1 is satisfied. 
Thus we can apply Proposition 2 with ambient manifold X, open subset U k = 
■03o,fc( n fc)) function / defined by (9) to get a family of cycles C(o,i) such that, 
for each e e (0, 1), 

C £ = C7i(ft, e ) and lim C £ = Ch(Q Uk ) = Ch(Q), 

£-+0 + 

where U £ = {u G £4; /(u) > e}. 

Remark 5 tells us that the difference of cycles Ch(Q) and lim £ ^!- C £ is the 
boundary of a certain chain. Because Re((g , fj,(df))) > on VnB k , this chain 
is supported inside the set (5). 
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We need to determine lim^!- C £ . Let C( ,i) be the family of cycles C(o,i) 
restricted to T*U k . Then, for each e G (0, 1), 

C £ = Ch(( 3u ^ Uk UG\uj) and C £ = Ch{Q Ve ) = (ju^x)A. 

Notice that when e > 1/2 the support of C £ lies inside 7r _1 ({x G X; /(x) > 
1/2}), and the set {x G X; /(x) > 1/2} is a compact subset of C/ fc . This 
implies that 

lim Ch(G Ue ) = lim C £ = (j Uk ^x)i( lim C e ) 
Thus we need to find 

lim C £ = lim C7i((jV e ^r/ij!(0|i7 e ))- 

Let K = {«G U k ; < /(u) < e}, so that Vi = V = {u G U k ; < f(u) < 1}. 
Claim 11 

ch(Uu.^uMS\u.)) = ch(g\ Uk ) - ch((R 3 

Ve) ■ 

PROOF. Notice that 

(Uue^uMG\Ue))\Ue = (G\u k )\u s aIld (( R J %^U k ) * (G \ Ve)) I Ue = ' 

Similarly, 

{{ju e ^u k )\{Q\u e ))\v e = and {G\u k )\v e = ((Rjv e ^u k )*(G\v e ))\v e - 
This shows that the difference of these two cycles, 

Ch(Q\ Uk ) - Ch((Rj UQ\v.))-ch(Uu^uMS\u.)), 

is supported in 

7r- 1 (supp(^)) n (T*U k \ T*(U £ u v £ )) 

= Tr-^r^e) n supp(£)) c K-\r\e) n B~ k ). 

Thus it is enough to show that each x G n lies in an open neighbor- 
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hood Q x C Uk such that the cycle in T*Q X 



Ch((g\ Uk )\ Qx ) - Ch(((Rjv.^MQW.))\^)-Ch((Uu.^MS\u. 
= Ch(Q\ nx )-Ch((Rj 



(10) 



is zero. 



Because Re((VF go ,df(x))) ^ 0, there exists an open neighborhood Q x C Uk 
containing x and smooth real- valued functions y 2 , . . . , y 2n defined on Q x such 
that {/ — e, y2, ■ ■ ■ , U2n} form a C°° system of coordinates on Q x centered at x 
and the vector field VF go is expressed in this coordinate system by 

(^/-*>a(7^.°.-.°). 

for some nonvanishing single variable function F. By making Q x smaller if 
necessary, we can assume that (/ — e, 1/2, ■ ■ ■ , U2n) maps Q x diffeomorphically 
onto an open cube (—5, 5) 2n , for some 5 > 0. 

Until the rest of this proof we will regard G\n x as a sheaf on (—5, 5) 2n via this 
diffeomorphism. Write (-5, 5) 2n = (-5, 5) x Q x , where tt x = {0} x (-6, <5) 2n -\ 
and let p 2 : (—6, S) 2n -» f2 x be the projection setting the first coordinate equal 
zero. Then Q x = f~ 1 (e)nQ x , V £ nQ x = (-6,0) xfl x and U £ nQ x = (0,5) xQ x . 
Also let C(s,s), C(o,<5) and C(_ < 5 j0 ) denote the constant sheaves on (—5, 5), (0, S) 
and (—5, 0) respectively. 

Since the sheaf G\u k * s Tk-equivariant, 



Ch(G\n x ) = Ch^n^j) = Ch(C { -w H Sin.), 
C7i((iy )) =C7/i((i2j ( _ a ,o)^(-^).C ( _ a> o) 

Ci(OV e nn B -,nJi(^|i/ e nnj) = ^((j(o,«5)^(-5,5))!C (0 ,5) B%J. 
It is easy to see that 

C/l(C(_5 i(5 )) - C/l((i?j(_5 i0 )^(-5,5))*C(_a i o)) - C^((j(0,i)^(-«5,5))! ( C(o,5)) =0. 

Hence it follows that the cycle (10) is zero. This proves the claim. □ 
Thus 

lim Ch((ju^ Uk UG\u £ )) = Ch(g\ Uk )-\imCh((Rj )*(Sk))- 

Let us consider a function /' = 1 — / on Uk- Then the set of u e £4 where /'(w) 
is positive is precisely the set K = {w G £4; < /(w) < 1}. Then Proposition 
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4 applied to manifold U k , open set V, function /' and sheaf Q\u k tells us that 
there is a family of cycles C^i) i n T*U k such that, for each e G (0,1), the 
specialization at 1 — e, 

C[_ e = Ch({Rj v ^ Uk UG\vS). 

Therefore, 

\im_Ch({Rj v ^ Uk UG\vS) = Mm & e = Ch((Rj Vl ^ Uk Ug\ Vl )). 

Hence (recall that V\ = V) 

BmC7/i(0Wj«(Sk.)) = CTi(Sk) -Ch({Rj v ^ Uk UG\ v )). 

Remark 12 is a constructible sheaf on a manifold M , Z a closed subset 
of M , U = M \ Z its complement and i : Z — > M, j : L7 — > M £/ie inclusion 
maps, then we have a distinguished triangle 

{Ri)*oi-(Q)^g ->(iy).oj*(0). 

i/ence 

C7i(£) = Ch((Ri)* oi\g)) + Ch((Rj)* o 

We apply this remark to the ambient manifold closed subset Z = C/ fc \ V" = 
open subset V and sheaf G\u k to get 

Ch(Q\ Uk ) = Ch((Rj f - Hl) ^ Uk )* o (jz-id)^) 1 ^!^)) + Ch((Rj 
Hence 

ton_C/i((i2jV e ^i/J*(0|vj) = Ch[{Rj f -i {1) ^ Uk ), o (j/-i ( i)^t/J ! (0k))- 



Let 

Vfc = ^ , fe ({(n < ,n°,n > ) G<©<©n^ = n fe ; ||n°|| fc < r}), 
14 is an open subset of X, V k fl O k = B k , and B k is a closed subset of V k . 
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Letting B° k = f-\l) n B k = 7V° n 5 fc we get 

lim C7i(&/J = (^^(lim Ch{{Rj Ve ^ Uk UG\ Ve ))) 

= Ch{iJ Uk ^x)\ ° (^/-i^wc/J* o (i/-i(i)w[/J ! (^|c/j) 

= Ch({j Uk ^x)\ ° O o OV fc ^J ! (0|t/j) 

= CTi^-i^x), o (j/-i(i)^yJ ! (J r Bjyj) 

= Ch((Rj f -i {1) ^x)* o (RjB^f-Hi))* o O'bo^bJ'^IbJ) 

= Ch[{Rj BOk ^x)* ° O'bo-bJ'^IbJ)- 

That is we have deformed the cycle C/i(jF 0fe ) into 

Ch{{Rj B o^ x ), o (i B o wB J ! (^| B j). 



In the case when t K is split, B k = O k , N k = {x k } and 5° = so 

Ch[{Rj B o^ x ), o (j B o wB J ! (^| s j) 

= C/i((i2j' {a . fc} ^x)* o OW^oJ'^loj) = m fc T 4 x > 

where 

and the orientation of T* X is chosen so that if we write each z\ as x\ + iyi, 
l = l,...,n, then the M-basis of T* k X 

{(^ fl o,fc)*lo(^i), (Vw)*lo(*/i), (^ go ,k)*\o(dx n ), (^ go ,k)*\o(dy n )} (11) 

is positively oriented. Thus we have deformed C/i(jF 0fe ) into a cycle of desired 
type. 



So let us assume that t« is not split. Because the sheaf T is Gu-equivariant, 
it follows from (8) that the cycle Ch((Rj B o^ x )* ° C7b°— bJ'C^IbJ) is just 
mkCh(^(Rj bo^uJ^Cbo)^ , where C B o denotes the constant sheaf on and 

mk = x((RJb^x)* ° (jB»^Bj ! (^|B fe )x fc ) • (12) 



The set B k is TR-invariant which implies that Re((go, A*(C))) 
C^((i2j B o^J,(C B o))' 



for all C e 



We define a function / on U k = 4> go ,k( n k) by 



n 
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Notice that Re((go, f/,(df(x)))) = for x G B®. Then using Proposition 4 
and Remark 5 we can deform the cycle Ch((Rj B o^ Uk )*(C B o)) into the cycle 

Ch(^(Rj{ Xk }^u k )*(C{ Xk y)^j = T* k X, so that in the process of deformation we 
always stay inside the set (5). Here the orientation of T* k X is chosen so that 
the M-basis (11) of T* X is positively oriented. 

Thus we have deformed the cycle Ch{J-o k ) into m^T* X, and so we obtain a 
deformation of the cycle Ch{T) = Ch(J-'o 1 ) + • — I- Gh[To\ W \) into m{T* x X + 

\-m\ W \T* X. The coefficient formula (12) holds for all g G fl R , no matter 

whether the Cartan subalgebra Ir containing g is split or not. 

We will show in Appendix A that these coefficients m^'s coincide with coeffi- 
cients d g0iXk s in [SchV2]. 



Let us summarize the result of our deformation. 

Proposition 13 Pick an element g G q' r . Then there is a Borel-Moore chain 
C(go) in T*X of dimension 2n + 1 with the following properties: 

(i) C(go) is conic, i.e. invariant under the action of the multiplicative group 
of positive reals on T*X ; 

(ii) The support ofC(g ) lies in the set {( G T*X; Re((g , //(C))) < 0}; 

(Hi) Let xi, . . . ,x\w\ be the fixed points of g in X, then there are integers 
mi, ... , m\w\ such that 

dC(g ) = Ch{F) - (miT^X + ■■■ + m^T^X). 

More specifically, 

m k = x({Rj B ^x)* ° Ub^bJ^IbJx,), 

and the orientation of T* k X is chosen so that if we write each z\ as x\ + iy\, 
then the R-basis ofT* x" 

{{ll)g ,k)*\o{dXi), (^ flo ,fe)*|o(^l), • • • , (^g ,k)*\o(dx n ), (lpg ,k)*\o(dy n )} (13) 

is positively oriented. 

Remark 14 Let g G Ir D q' r be such that, for each root a£f, Re(a(g)) has 
the same sign as Re(a(g )) and if Re(a(g )) = 0, then Im(a(g)) has the same 
sign as Im(a(go)). Then we can choose the Borel subgroup B g C G equal B go . 
In this case the chain C(g) is identical to C(go). 
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6 Integration 



In this section we will compute the integral (4) first under the assumption 
that the form ip is compactly supported in f4 an d then in general. 

Pick an element g Q lying in the support of p and let tn$ be the Cartan subalgebra 
containing g . There exists an open neighborhood Q of go in and a smooth 
map uj : Q — > Gr with the following two properties: 

(i) cj|nntR = e, the identity element of Gr; 

(ii) For every g E fl, the conjugate Cartan subalgebra u(g)t^u!(g)~ 1 contains 
9- 

Making Q smaller if necessary, we can assume that both Q and Q D tn are 
connected. Let t = Ir © «Ir C £j be the complex Cartan subalgebra containing 



Remark 15 One cannot deal with the integral (4) "one Cartan algebra at a 
time" and avoid introducing a map like u because the limit 



fl-»°o7fex(c/i(^)n{||cil<fl}) 
may not exist. 

From now on we will assume that the support of ip lies in Q. The case 
supp((/?) C can be reduced to this special case by a partition of unity 
argument. 

Our biggest obstacle to making any deformation argument in order to compute 
the integral (4) is that the integration takes place over a cycle which is not 
compactly supported and Stokes' theorem no longer applies. In order to over- 
come this obstacle, we will construct a deformation Q t : Q x T*X — > Q x T*X, 
t e [0, 1], such that O is the identity map; 



for t > 0, g G Q and ( G T*X which does not lie in the zero section (Lemma 
17); Oi essentially commutes with scaling the fiber of T*X (Lemma 18). The 
last two properties will imply that the integral 





n 



J 



g R x(Ch(F)n{\\a<R}) 



(& t y(e^^p(-a + n*T X ) n ) 
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converges absolutely for t G (0, 1]. Finally, the most important property of Q t 
is stated in Lemma 19 which essentially says that we can replace our integrand 

with the pullback 



We introduce \W\ coordinate systems on Q x T*A in which the integrand 
looks particularly simple. Let Xk be one of the \W\ fixed points of go. Then, 
for every g G Q, the point u(g) -Xk is a fixed point of g. As before, let bk C be 
the Borel subalgebra determined by x k : b k consists of all elements of g fixing 
Xk- This Borel subalgebra bk in turn determines a positive root system such 
that bk contains t and all the negative root spaces. Let be the nilpotent 
subalgebra of $j containing all the positive root spaces with respect to bk, so 
that g = b k © n k as linear spaces. We define a map ip k : f2 x n k — > x A, 

(g, n) ^ (g, u(g) exp(n) • x k ). 

Then each i/j k is a diffeomorphism onto its image, and their images for k = 
1, . . . , \W\ cover all of f2 x X. Thus they form an atlas {-^i, • • • , ip\w\} of f2 x A. 

Also, for each g G f2, we define a map ip 9tk '■ rife - *■ A, 

= V'fcU, n ) = w (flO exp(n) • x fc . 

Then, for each j 6 O, {V's.i) • • • > V'g.iwi} is an atlas of A. Notice that when 
g = go or, more generally, g G D t^, u(g) = e and the maps tp 9t i, • • • , ^> 9 ,|w| 
are the same as the maps i/) go ,i, ■ ■ ■ ,i/) go ,\w\ defined at the beginning of the 
previous section. 

We decompose n k into root spaces with respect to t: = 0" =i n axk , . Each 
n axk , is a one-dimensional complex space, so we can choose a linear coordinate 
Zi '■ n ax >C. Let 5 = uj(g)^ 1 guj(g), g G Ir. Then by Lemma 8, the vector field 
VF 5 on A generated by g is expressed in the coordinate system ip gk = ip go k 
by 

1 h a Xktn (g)z n — . 

UZ\ Oz n 

On the other hand, VF 9 has the same expression in the coordinate system 

■ip g< k as VF g does in ip gt k- Hence the vector field VF 9 on A generated by g is 

expressed in the coordinate system ipk by 

/~\ 9 (9 
a Xk ,i{g)ZiT, 1 h a^nlsO^n 



+ • • • + a Xk , n (g)z n —. (14) 
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Expand z\,...,z n to a standard coordinate system z\, . . . , z n , £1, . . . , £ n on 
T*tifc so that every element of T*rik — xik x n£ is expressed in these coordinates 
as (zi, . . . , z n , £,idzi + • • ■ + ^ n dz n ). This gives us a chart 

ip k : (g, z 1: . . . , 2 n , £1, ...,£„)-> ft x T*X 

and an atlas {ipi, . . . , "0|w|} of ft x T*X. 

Because Gr acts on X by complex automorphisms, the differential form o in 
these coordinates is d£i A dzi + • • • + d£„ A <i2 n . 

Recall that /i A = + A x , hence the integrand e^ ,MA( ^V( — °" + 7T * T x) n becomes 
n\e {9 ' Xx) expfa^^z^! H h a Xfcin (p)^ n ^ n ) ip(g)(-(r + 7r*r A ) n . 



Let ||z|| fc = y|^i| 2 H h |^„| 2 and ||£|| fc = y|6| 2 H ^ l£n| 2 ; these norms 

are defined inside respective charts and not globally on T*X. 

Find D sufficiently large so that the disks around fixed points of go 

{$1(90, z); |k||i < D},...,{ijj lwl (g ,z); \\z\\\ W \ < D} 
cover all of X. 

Next find an e > small enough so that for each k — 1, . . . , \ W\ 

{Mgo,z); \\4k <e}n \J{Mgo,z); \\4i < 3^} = 0- (15) 

i^k 

We will also assume that e < D/2. 

Let 8 : R — > [0, 1] be a smooth bump function which takes on value 1 on 
[-D, D], vanishes outside (—2D, 2D), and is nondecreasing on negative reals, 
nonincreasing on positive reals. 

Let 7 : R + — > (0,1] be another smooth function such that 7QO, 1]) = {1}, 
j(x) = I for x > 2, I < 7(2;) < I for all x > 1, and 7 is nonincreasing. 

For each t e [0, 1] and k — 1, . . . , |W|, we will define a map 6^ : ft x T*X — > 
ft x T*X. First of all we define a diffeomorphism 6^ on T*n fc ~ n k x ti£ by 

(zi, . . . , z n , £1, . . . , £„) 1— > 

- a *» l(g | , fe<KIMI*)7(*llgy6, • |^' n ^| ^(|k|| fc )7(t||eiU)a, 
v \®x k ,i(g)\ \<Xx k M\ 



6) • • • 
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6j shifts (21, ... , z„) by a vector 

which has length at most 2e < D (because 7(2;) < |). Hence the maps 6^ and 
leave points outside the set {(2, £); < 3D} completely unaffected. 
Then we use the diffeomorphism between x n£ and T*(exp(rifc) • Xfc) C T*X 
induced by the map ip 90t k : ti^ — > X, i[>g ,k(n) = exp(n) • 2^, to regard 9^ as 
a map on T*(exp(rifc) • Xk)- But since 6^ becomes the identity map when the 
basepoint of ( G T*X lies away from the compact subset 

ip go ,k({z; \\z\\ k < 3D}) c exp(n fc ) ■ x k C X, 

0j can be extended by identity to a diffeomorphism T*X — > T*X. 

Finally, we define : x T*X — > f2 x T*X using the "twisted" product 
structure of Q x T*X induced by 00(g). Recall that the group G acts on X 
which induces an action on T*X. For 7 6 G and ( G T*X, we denote this 
action by 7 • (. Then, for (g, () G ft x T*X, we set 



Inside the chart ipk centered at the point (g ,Xk), 6^ is formally given by the 
same expression as before: 

(g, zi,..., z n , £1, . . . , £„) h-> 

0, * - ^4^r^(ikiU)7(t|ieiu)6, i^4 fe>y(ikii*)7ftiieii*)e», 

v K fc ,i(#)l K fc ,n(#)| 

£lj • • • j£ra)j 



that is we shift (zi, . . . , z n ) by a vector 

-^(||.|U)7(t||eiU)(^^T6, • • • , 1^44^). (16) 

V K fe ,l(#)l \ a XkM\ 



This choice of coefficients — j^^yy and the equations (6), (14) imply that 

Re((e!y(g,v(()))<Re((g,n(())), (17) 
and the equality occurs if and only if (g, () = (g,()- 
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We define Q t : Q x T*X ^ tt x T*X by 

e^er'o-oej. 

Observe that Oo is the identity map. The following four lemmas are some of 
the key properties of Q t that we will use. 

Lemma 16 For each k — 1, . . . , \ W\, the maps O t and Q k coincide on the set 

{4> k (g,z,0; gen, \\ z \\ k <e}cttx T*x. 

PROOF. Follows immediately from condition (15). □ 
Lemma 17 lft>0 and ( G T*X does not lie in the zero section, 

Re((e t y( g ,Li(0)) < M(g, »(()))■ 

PROOF. By (17), we have 

ite((e 4 rto,MO>) <Re((g,n(0)), 

and the equality is possible only if ® h (g,() = (flS C) f° r all A; = 1, ... , \W\. 
Because of our choice of D, it means that the equality is possible only if t = 
or ( lies in the zero section. □ 

Lemma 18 There exists an R > (depending on t) such that whenever 
g G supp(y?) ; ( G T*X and \\(\\ > R we have Q t (g,EQ = EQ t (g,() for all 
real E > 1 . That is O t almost commutes with scaling the fiber. 

Moreover, there is an R > 0, independent of t G (0, 1], such that Ro can be 
chosen to be Ro/t. 



PROOF. Recall that Qt = B[ W ' o • • • o Qj. We will prove by induction on k 
that there exists an R Q > such that whenever g G supp((/?) and ||£|| > Ro/t, 

(G* o • • • o &})(g, E() = E(Q k o.-.o &l)(g, 

for all real E > 1. 

When ||f || fc > 2/t, 7(f||f || fc ) = and the shift vector in (16) 



Q» fc ,i(g) e ®x k ,n(g) ( 
l«* fc ,i(^)l 1 '" ' \ a x k M\' 

e8(\\z\\k) ( UxuM r a n (g) - x 

"lu 7^I^'---'U7^TW (18) 



Uh K \a XkA (g)\ |o! n (^)| 
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stays unchanged if we replace (£1, . . . , £„) with (E^i, . . . , E£ n ), for any real 
E > 1. Hence in this situation Q k (g,E() = EQ k (g,()- 

By induction hypothesis there is an Rq > such that whenever g G supp(y) 
and HCll > Ro/t, 

(ef- 1 o • • • o e^fo, £C) = ^(©r 1 o • • • o e, 1 )^, c). 

Making i? larger if necessary, we can assume in addition that whenever 
||z((e t fe - 1 o...oe t 1 )(^C))|| fe < 2D and ||C|| > R we have ^((e?" 1 o • • • o 
Q 1 t )(g,t))\\k>2,foi all te [0,1]. 

Then, for t G (0, 1], \\z{{Q k t ' 1 ° • • • o Ql)(g, ())\\ k < 2D and ||C|| > Ro/t imply 
||e((0r i o...o0i)(^,C))|| fe >2/t, and so 

(6* o • ■ ■ o Q})(g, E() = E(Q k o ■ • • o Q])(g, (). 

On the other hand, if ||z((©t _1 o • • • o ®])(g, C))||fe > 2-D, then by induction 
hypothesis ||C|| > -RoA implies 

(e t fc o • • • o el) ( g , E() = (e*- 1 o ■ ■ ■ o e^G?, ec) 

= £(6^ o ■ • ■ o eJX*?, C) = ^(© t fe o • ■ • o Q])(g, c). □ 

Now let us return to calculation of our integral (4). Instead of integrat- 
ing our original form e^ 9,flx ^ ip{—a + n*r\) n we fix t G (0, 1) and integrate 
Q*( e (9,/iA(0)(£)(_ < 7-|-7 I -*7- A )n). Doing so is justified by the following lemma which 
will be proved in Section 7. 

Lemma 19 For any t G [0, 1], we have: 

lim / ( e (9^(0) v (_ a + n * T \n 

R^ccJ g ^(Ch(T)n{\\C\\<R}) y 

- e*(e^^(p(-a + vr*r A ) n )) = 0. 

Recall the Borel- Moore chain C(go) described in Proposition 13. Because fl 
was chosen so that both Q and Q D are connected, by Remark 14, for each 
g G Q H t]R , we can choose C(g) equal C(g ). Moreover, for each g G f2, we can 
choose C((?) equal w(flO*C((7o)- These chains C(g), g <E Q, piece together into 
a Borel- Moore chain in Q x T*X of dimension dim^ g^ + In + 1 which appears 
in each chart ^ as x C(g ), 

dC = n x C/i(.F) -fix (m^I + • • • + m^i^) X) 
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and the support of C lies inside {(g,() G x T*X; Re((g, //(C))) < 0}. 



Take an R > 1 and restrict all cycles to the set {(g, () G Q x T*X; ||C|| < i?}. 
Let C<r denote the restriction of the cycle C, then it has boundary 

dc< R = nx (Ch(r) n {||C|| < R}) - C(R) 

-Qx (m^T^X n {||C|| < R}) + ■ • ■ + m m (T: (g) . Xiw X n {||C|| < R}j), 
where C'(R) is a (dini^g^ + 2n)-chain supported in the set 

{(g,C) eilx T*X; ||C|| = R, i?e(<<7, MO)) < >- 

Because the chain C is conic, the piece of boundary C'(R) depends on R by 
appropriate scaling of C"(l) in the fiber direction. 

Lemma 20 For a fixed t G (0, 1], 

lim / Q* t (e^^ V (-a + 7i*r x ) n ) = 0. 

R^ooJc(R) V > 



PROOF. Let R be as in Lemma 18. Then, for R > Rq, the chain (G t ) m C'(R) 
depends on R by scaling (Q t )*C'(R ) in the fiber direction. 

Recall that the coefficients — ^ Xk ' l ^\, in (16) are chosen so that for each I = 

1, . . . ,n the term a x k ,i{g)ii(- ^^\ ii) = -\a Xk ,i(g)\\&\ 2 is negative. Hence, 
for every (g, C) lying in the support of C'(R), the real part of (g, /i(Q t (g, C))) 
is strictly negative. By compactness of |(0 t )*C"(.Ro)| H (supp(</?) x T*X), there 
exists an e' > such that, whenever (g,C) lies in the support of (G t )*C'(R ) 
and g lies in the support of </?, we have Re({g, /t(C))) < — Then, for all > 
i? and all (#, C) G \(Q t )*C'(R) \ n (supp(^) x T*X), we have Re((g,fi(()}) < 

_ P 'JL 
Ro' 

Integrating the form ©j? (V 9 ' Ma( ^(/9(— o~+7r*T\) n ^J over the chain C'(R) is equiv- 
alent to integrating e {9 ^ ]) ^{-a + 7r*r A ) n = e < 9 '^>e< 9 ' A ^V(-c + 7r*T A ) n 
over (0 t )*C'(.R). Since the integrand decays exponentially over the support of 
(Q t )*C'(R), the integral tends to zero as R — > oo. □ 



31 



Thus 

JCh{T) 

= lim / e {9 '^ (0) u?(-(x + n*T X Y 

R^oo Jnx(ch(nm\\c\\<R}) 



lim / Q* t (e {9 '^ i0) V (-a + 7i*T X ) n ) 

R^oo Jnx{Ch(F)n{\\c\\<R}) 



lim / f . w . e;( e fe(0) + / )») 

= lim f , lwl ,e* t (e^^(p(-<j + n*T X ) n ), 



i.e. the integral over C'(R) can be ignored and we are left with integrals over 
m k {Vl x {T* {g) . Xk X n {||C|| < R}j), for fc = 1, ... , |W|. Because the integral 
converges absolutely, we can let R — > oo and drop the restriction ||£|| < _R: 

(19) 

Lemma 16 tells us that the maps Q t and 0^ coincide over T*, y x X: 



QAt* x = ©J" It* x- 



We also have 5(||^||fc) = 1 and the exponential part 0£ /Xa(C))) °f our 
integrand 6J 1 (e^ ,MA ^V( — °" + 7r * T A) n ) becomes 

-*£7(*lieilfc)(l«i(ff)l^i + • • • + K(<7)|Un) + © t *<<7, A x >. (20) 



We know that J s ^ xC h(T) ®t (e^ 9 '^^(p(-a + 7r*r A ) n ) does not depend on t. So 
in order to calculate its value we are allowed to regard it as a constant function 
of t and take its limit as t — > + . 

We can break up our chain m k {T*^ g y Xk X) into two portions: one portion where 
U(g,C)\\k > l/t and the other where" U(g, ()\\ k < 1/t. 

Lemma 21 

lim / f x Q* t (e^^ V (-(T + 7i*r x ) n ) = 0. 

t^o+J mk (nx(T* igyxk xn{M(g,Oh>m)) v ' ' 

PROOF. When > l/t, 7(t||£|| fc ) > jdrr and the exponential part (20) 
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is at most 

-^^(K fc ,l(#)l£l£l + • • • + \a Xk ,n(9)\CnCn) + ®*t(9, K) ■ 

But H h^nCn = H£llL so at l east one °f the > ||£||l/n. Thus we get 

a new estimate of (20) from above: 

~\ch>M\U\\k + Q* t {9,^)< -^\<**M\ + ®t(g,K). 

Because the term Q^(g,X x ) is bounded, the last expression tends to — oo as 
t — > + , i.e. the integrand decays exponentially and the lemma follows. □ 

Thus, in the formula (19) the integral over the portion 

m k (nx(T: ig) . x xn{U(gX)\\k>i/t})) 

can be ignored too: 

= lim / lwl / x e* t (e^^(p(-a + ir*T X ) n ). 

t-o + ^EL=S4 nx(T -( 9 )- fc Xn{lle(9 ' c)llfc<1/t}) J 



Finally, over the portion m k (Jlx (T*( g y Xk Xr\{\\£(g, C) life < 1/0)) > the function 
7(i||C||fc) is identically one, so the exponential part (20) reduces to 

-te(|<W(0)|£i£i + ••• + ! (g)\Un) + e* t (g,K)- 
We also have 0^ (ip) = ip, Qt(d£i) = d£i, 

v K k ,i{9)\ ' K k ,i(g)\ 

and, because r A is a 2-from on X, 
e t *(7r*T A ) 

n 

= t 2 (AaAg, t£i, t£ n )dZa A d£ b + B ajb (g, t&, t£ n )d£ a A d£ b 

a, 6=1 

+ C a , 6 (#, tfi, . . . , t£ n )d£ a A df 6 + A d£ 6 ) , 

where each A a fe , S a b , C 0j &, D a b is a bounded function of (g, t£i, . . . , t£ n ). Sim- 
ilarly, 

n 

®*t{gAx) = (g,^( g )-x k ) + t^2(^ c E c (g,t^, . . . ,t£ n ) + £ c Fc(g,tZi, . . . ,t£ n j) 

c=l 
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for some bounded functions E c , F c of (g, t£±, . . . , t£ n ), c — 1, . . . , n. 
Thus we end up integrating 



n ! e (3,A„ (9) . :Cfe > e -te^l^ fe ,l(s)l€l«l+- + l^ fc ,n(<y)|CnCnJ 

■ <P(9) A ((te)"^^ • • • 1^44^1 A d£i A • ■ • A df B A 

V K fc ,l(#)| K fc ,n(#)| 

+ terms containing 0^(7r*r A ) 

over m k (Vl x (T^.^X n {\\£(g, C)||* < 1/0))- (Recall that the orientation of 
this chain is determined by the product orientation on Q x T*^y Xk X, and the 
orientation of T*,y Xk X is given by (13).) Changing variables y\ = y/et^i for 
I — 1, . . . , n we obtain 

m k n\ [ e^'^^^^mtg) [ e -l"* fc ,i(s)ll2/il 2 W* k Ag)\\y4 2 

e ^tJ2"=i (yc E c(9,Vtyi,...,Vty„)+y c F c (g,Vtyi,...,Viy„)j 

'" 1 " ^ dy\ A dy~i A ■ • ■ A dy n A dy n + t ■ (bounded terms^ 



G?)l'"l (<?)l 
Because the term 



■a 

Vt^2(y c E c (g, Viy u . . . , V~ty n ) + y c F c (si, v^yi, . . . , Vty n )) 



c=l 



can be bounded on {|?/i| 2 H h 1 1 2 < f } independently of t, by the Lebesgue 

dominant convergence theorem this integral tends to 



m k n\ / e^'^wWg) / 

-dyi A dyi A • • • A dy n A dy. 



e -|^ fc ,i(s)llj/ir Wx k , n {9)\\y n \ 2 

^ t ,l(g) ^ t ,n(g) 

{g)\'"\ (g)\' 



mkn\(27ri) 



(»)■■ (<?) 

as t — > + . Therefore, this is the value of our original integral (2). 

The last expression may appear to be missing a factor of (—1)™, but it is correct 
because we are using the convention (11.1.2) in [KaScha] to identify the real 
cotangent bundle T*(X R ) with the holomorphic cotangent bundle T*X of 
the complex manifold X. Under this identification, the standard symplectic 
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structure on T*(X R ) equals 2Re(a). Moreover, 
the orientation of T*^ g y Xk X given by (13) 



= (—1)™ the complex orientation of T*, g y Xk X 



So far we assumed that the support of ip lies in some open subset Q C g' R of a 
special kind. When g lied inside Q the set of points in X fixed by g could be 
expressed as {00(g) ■ x±, . . . ,u(g) ■ x\w\}- Of course, the function u was defined 
on Q only. Now we are interested in the global situation, so, for each g e g' R , 
we denote by {xi(g), . . . , x\w\(g)} the set of points in X fixed by g enumerated 
in a completely arbitrary way. Similarly, when g lied inside fl, each coefficient 
rrik was constant. Now we need to recognize that the coefficients are not 
constant on g' R globally - they are only locally constant. To emphasize this 
dependence on g and the choice of fixed point Xk{g) we will write rn Xk ^ for 
the multiplicity of the cycle T*, g -,X. 

We define a function F on g' R by 



F(g) = E 



• • • a x k (g),n(9) 



k=l 



A simple partition of unity argument proves the formula 

(4^0'^ + ^ r = /»> (21) 

when the form ip is compactly supported in g^, an open subset of the set 
of regular semisimple elements in g R whose complement has measure zero. 
Now suppose that the support of <p does not lie inside g' R . We know from the 
fixed point character formula in [SchV2] that the function F defined on g R 
is a character of a certain admissible representation of finite length, hence by 
Theorem 3.3 of [A] a locally L l function on g R . Let {y^}^ be a partition of 
unity on g' R subordinate to the covering by those open sets fTs. Then ip can 
be realized on g R as a pointwise convergent series: 



ip = Y,w- 



1=1 
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Because F e Lj oc (Q^), the series J 0K ^ViV 3 converges absolutely. Hence 

oo 1 /" 

= ^7 n -, a\wp{-a + -K*T X ) n 

^ {2m) n n\ Jc^) 

= f; / *W = / Fy>, 
which proves the integral character formula (21) in general. 

It remains to justify integrating the form Q^e^'^^ ip(—a + 7r*T A ) n ) instead 
of e (<y,MA(C)> V9 (_ (7 + vr * 7 - A ) ri . 



7 Proof of Lemma 19 



Because the form e^ 9,flx ^(p(—a + 7r*r A ) n is closed, the integral 

f (' e <fl,MA(C)>^(_ (7 + n * T \n _ 0*( e (^A(C)> V9 (_ (7 + ttVa)")) 

J<x(^(^)n{||cil<i?}) v ' ' > 

= [ ( \ e <fl '^ (c) V(-o- + 7r*r A ) n 

7<x(^(^)n{||C!l<i?})-(et)^ g ;x(CM^)n{||c||<ii})J 

is equal to the integral of e^ 9 '^ x ^(p(—a + 7r*r A ) n over the chain traced by 
9 t /(fi x d{Ch{T) n {||C || < #})) as f varies from to t. We will show that 
this integral tends to zero as R — > oo. 

Since C7i(.F) is a cycle in T*X, the chain Q x d(Ch(F) n {||C|| < R}) is 
supported inside the set Q x {( e T*X; ||£|| = i?}. Because i? — > oo, we can 
assume that R > 0. Then the chain traced by Q t >(p x d(C7i(.F) n{||C|| < #})) 
as £' varies from to t lies away from the zero section Q x T^X in Q x T*X. 

If we regard 6 as a map Q x T*X x[0,l]^flx T*X, we get an integral of 
e*( e <9,MA(C)> (/? (_ (T + 7r * TA ) n ) over the chain ft x d(Ch(F) n {||C|| < #}) x [0,t]. 

The idea is to integrate out the Q variable and check that the result decays 
faster than any negative power of R. 

Clearly, Q*((p) = (p and Lemma 17 says that 
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for some smooth function n(g,X,t') which has positive real part. The integral 
in question can be rewritten as 

f e ( ^ K)) e- K(9 ' c '''V(^)0*fe < ^ > (-^ + n*T X ) n ). 

Jnxd(Ch(F)n{\\<;\\<R})x[o,t] v 7 



We pick a system of local coordinates (x±, . . . , x n ) of X and construct respec- 
tive local coordinates (xi, . . . , x n , rji, ... , r] n ) of T*X. Suppose that we know 
that all the partial derivatives of all orders of e - *^'*') and @*(— a + 7r*T\) 
with respect to the g variable can be bounded independently of ( and t' on 
the set supp(y?) x {( e T*X; \\(\\ > 0} x [0,t\. Let yi, . . . ,y m be a system of 
linear coordinates on 0k, write //(£) = (5i{Qdy\ + • • • + j3 m (()dy m , then 

•'n v ' 

pi(Q J$r oyi\ v v 

and the last integral can be bounded by a constant multiple of i? n . We can 
keep performing integration by parts to get the desired estimate just like for 
the ordinary Fourier transform. Thus (after integrating out the ^-variable) 
we see that the integrand indeed decays rapidly in the fiber variable of T*X. 
Hence our integral tends to zero as R — > oo. 



To show boundedness of the partial derivatives with respect to g we replace 
local coordinates (x±, . . . , x n , rji, ... , r) n ) on T*X without the zero section with 
"spherical coordinates" (xi, . . . , x n , v, v), where 

u= \\(x 1 ,...,x n ,r) 1 ,...,r] n )\\, \\(x 1 ,...,x n ,v)\\ = 1 

and 

V ■ (Xi, . . . , X n , V) = (Xi, . . . , X n , 77i, . . . , 71 n ). 

This change makes all variables bounded, except for only one - v. Recall that 
yi, . . . ,y m is a system of linear coordinates on 0k. Thus we can introduce a 
system of coordinates on Q x {( e T*X; \\(\\ > 0} x [0,t\: 

(yi,...,y m ,x 1 ,...,x n ,v,i/, t'v). 

Notice that there is no "twist" by the action of Gk in this coordinate system. It 
is just the direct product of the coordinate systems for f2, {( e T*X; \\(\\ > 0} 
and [0,t], except that the coordinate t' of [0, t] got replaced with t'v. 

Because supp(^) is compact, the coordinates yi,...,y m can be treated as 
bounded. Thus we are left with two unbounded coordinates - v and t'v. 
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A close examination of the definition of 0£ shows that, as long as 

9 t fc , {y 1 ,...,y m ,x 1 ,...,x n , v, u, t'u) 
lies in the same coordinate system, can be written in these coordinates as 

©t'(yi, • • • , Vm, Xl, ■ ■ ■ , Xn, V, U, t'u) 

= (yi, . . . , y m , xi + xi, . . . , x n + x n , v + v, u + u, t'u + t'u), 

where x\, . . . ,x n , v, u and t'u are some functions which depend on y±, . . . , y m , 
x±, . . . , x n , v, t'u and not on u. Hence same is true of G. On the other hand, 
when 0£,(y!, . . . , y m , X\, . . . , x n , v, u, t'u) lies outside of this coordinate system, 
we can arrive to the same conclusion about 0^ and using another coordinate 
chart of the same kind which contains the image. In other words, is different 
form the identity map by something that does not depend on u. Next we 
observe that Lemma 18 implies that x±, . . . , x n , v, u and t'u become constant 
with respect to t'u when t'u is larger than some Rq. This shows that the 
partial derivatives of and hence the partial derivatives of 0*(— a + n*rx) are 
bounded. 

Note that this argument also shows that the function 

W\ K = Jc\\^ g,f1 ^ ~ e * , ^' /i ^) 

depends on y±, . . . , y m , x\, . . . , x n , v, t'u and not on u. 

It remains to prove boundedness of the partial derivatives of e'^ 9 ^^ with 
respect to the g variable. Recall that the proof of Lemma 18 was based on the 
property of 7 that 7(t||£||fc) = jjj^; when > 2. On the other hand, the 

next lemma is based on the property of 7 that 7(£||£||fc) — 1 when t\\^\\k < 1. 

Lemma 22 There exist a smooth bounded function k(g,v,t') defined on 

nx{(eT*X; IKII =l}x [0,1] 
and a real number f > such that, whenever t'\\(\\ < r , 

K(g,C,t') = t'\\C\\ 2 -k(g,^,t'). 

Moreover, Re(k) is positive and bounded away from zero for g e supp((/?). 

PROOF. There exists r > 1 such that, for all k = 1, . . . , \W\, whenever 
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g E supp(y?), C e T*X, \\z{g,()\\k < 3D we have: 

||C||<1 implies U(g,()\\k<r and \\^g, () \\ k < 1 implies ||C|| < r . 
Hence, under the same conditions, we also have: 

IICH < s implies ||£(#,C)l|fc < sr and U{g,()\\k < s implies ||C|| < sr , 
for all s > 0. 

It follows by induction on k that, whenever g e supp((/?), £ e T*X, ||£|| < s, 
we have ||(Of o • • • o ) (c/, ()\\ < s(r ) 2fe . Indeed, suppose that the statement 
holds for k = I. If ||2((6jo •••oe t 1 )(#,C))||m > 2£>, then 

(e| +1 o 0< o ■ ■ ■ o Ql)(g, C) = (0< o . ■ ■ o 0i)(^, o, 

and so 

11(0^00^0. ..o0l)^,C)|| = ||(0jo. ..001)^,011 

<*(r f < S (r ) 2(m) . 

Or else \\z((Q l t o • • • o 0^)((y(, £))||z+i ^ 2Z), in which case 

|k((0^ 1 o0jo...o0l)(^,C))|| m <3A 

and so 

||(0j +1 o0jo... 01)^,011 

<r Um +1 oe l t o...oQ])(g,C))\\ l+1 

= r Umo...oQl)(g,())\\i + i 

<rZ\\(e\o...oel)(gX)\\<s(r f^ 1 \ 

which proves the induction step. 

Let f = (Vo) 1 " 2 ' 1 ^'. Then, for all k — 1, . . . , |W| — 1, whenever g e supp(</?), 
C G T*X, ||C || < f /t, we have: 

5(lK(or o . . . o o^, C))ll,)7(t||£((er o . . . o e])( g , c))|| fe ) 

= 5(lk((e i fc - 1 o...oe t 1 )^c))IU). 

Write 

(s,MO> - ©r<ff,MC)> = ((5, MO) - (^M©K^C)))) 
+ • • • + ^((©r 1 o...oeJ) («?, C))> - (g, M(@t o ■ ■ • o ©i) c))>) 

+ • • • + ((9, /^((©r 1 " 1 o • • • o O^, C))> - 0/, /i((©f' o • • • o &l)(g, C))>). 
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Then let (<?, Cfc) — (®t 1 ° ' ' ' ° ©tXflsC) anc ^ n °tice that, in the coordinate 
system ijj k , 

(g, /x(C*)> - is, K® k t(9, Cfc))) = ts5(\\z\\ k (g, ( k )h(tU(g, C*) lift) 

■ Cfc)6(#> Cfc) + • • ' + \a Xk , n (9)\tn(9, Ck)L(g, Cfc)) 

= te5(ikiu(^,a))- (i«^,i(^)ii6(^,a)i 2 + --- + ia ;Cfe ,n(^)iia(^,a)i 2 

\ot Xk ,i(g)\\£i(g,(k)\' 2 H 1-| (9)\\Zn(g,Ck 



|2 



= t|icii^(ikiu(^c fc )) 



Hence, when t'\\(\\ < r , we get 

K( g ,(,t') = (g,»(()) - e*Ag,KO) = nc\\ 2 ■ &(g, 



for some smooth bounded function n(g, v, t') defined on Q x {( e T*X; 
1} x [0,1]. It is clear that Re(k) is positive. Because the set supp(^) x {( e 
T*X; lldl = 1} x [0, 1] is compact, Re(k) is bounded away from zero on this 
set. □ 

Thus in the region defined by t'v < f the function in question becomes 



e -ie(fl,C,f ) = e 



-t'llCII 2 -^,^,*') 



for some smooth bounded function k whose real part Re(R) is positive and 
bounded away from zero. Because the set supp(y?) x {( e T*X; \\(\\ = 1} x [0, 1] 
is compact, all the partial derivatives of k with respect to the g variable can be 
bounded on this set. Hence it follows that all the partial derivatives of e~ t>v ' K 
with respect to g variable are bounded on the region g e supp(y?), t'v < f . 



Finally, suppose that t'v > f . We already know that the function J^k can be 
written independently of the variable v. Lemma 18 implies that the function 
jj^jj-ft becomes constant with respect to t'v when t'v is larger than some constant 

Rq. Thus all the partial derivatives of fj^j]" ^ are bounded. 

On the other hand, Lemma 17 implies that ^Re(K) is positive and bounded 
away from zero for g G supp(y?), t'v > r . Hence boundedness of the partial 
derivatives of implies that the partial derivatives of e~"^""iKl K with respect 
to g variable are bounded on the region g e supp(y?), t'v > r . 

This shows that all the partial derivatives of all orders of e~ K ^ 9,C:,t ^ with respect 
to the g variable can be bounded independently of ( and t' on the set supp(y?) x 
{C E T*X; || C || > 0} x [0,t]. Hence we proved Lemma 19. □ 



40 



A Equality of Coefficients 



In this appendix we will show that the coefficients m k s coincide with coeffi- 
cients dgg^^s in [SchV2]. Recall that 

m k = x((R]b^x)* ° (jB° k ^B k y(F\B k )x k ) 

= x({j{x k }^o k )* ° (Rj B o^o k )* ° (Jb^oJ ! (^|oJ) 

= X (i?r B o(^|oJ, fc ) =x{^ix k }(^\o k )x l )+x{^\{ Xk }(^O k )x k ), 

and formula (5.25b) from [SchV2] says that 

d go ,x k = x{n* 0k (^U) = x{Ux k ^o k T o (j 0k ^x)\^)), 

where ©JF is the Verdier dual of T . It follows from Proposition 3.1.13 and 
Example 3.4.5 of [KaScha] that 

{ 3 o k ^x)\^T)^o k {T\o k )- 
Hence by Proposition 3.4.3 of [KaScha] 

d go , Xk = x(p>o k {F\o k ) Xk ) = x(RHom(Rr {xk} (O k ,F\ 0k ),C)) 

= x(RF{x k }(o k ,F\o k )) = x(RF{x k }(F\o k )x k )- 

Thus to show m k = d g0jXk it is enough to show that 

x( Rr B°\{x k }(F\o k )x k ) 

= x((Rj B °\{x k }^o k )* ° (3Bl\{ Xk }^o k )\F\o k )x k ) = 0. (A.l) 

Let 
Then 

(RjB°\{x k }^O k )* ° {j B l\{x k }^O k )\F\o k )x k 

= limRr BMxk} (B £ \ {x k }, (^loj)- 

Be 

The sheaf T being G]R-equivariant and the inclusion (8) together imply that, 
whenever e < r, each cohomology sheaf H 1 B £ \{x k }^o k ) K^\oS) ls a multiple 
of the constant sheaf on B £ \ {x k }. Thus, because the Euler characteristic of 
B e \ {x k } is zero, 

xHr Bt \ {xk} (B e \{x k },(F\o h j)=0, 
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which proves (A.l). This finishes our proof that the coefficients m^'s and 
dgQ^xk s are ecjual. 
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